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Abstract

The transition from high school to university mathematics and the low success rate
in the first years of university mathematics is a problem worldwide. One of the
most reported factors correlated with academic success is cognitive prerequisites,
such as prior knowledge. Aiming to reduce the achievement gap in first-year math-
ematics courses, we implemented retrieval practice in their lessons: students com-
pleted a short test containing two problems at the end of each lesson on the material
learned on the given day. The positive effects of retrieval practice — the strategic use
of retrieval to enhance memory — have been shown in several cases in university
mathematics. Still, the extent to which it can help students of different input levels
has been a question. In this paper, we investigated first-year pre-service mathematics
teachers’ performance in two mathematics courses: Number Theory and Algebra.
We examined students’ test and post-test results relative to their input level using
linear regression. The results show that, regardless of the learned mathematical
topic, retrieval practice helped minimize the effect of prior academic achievement:
students with lower input scores performed similarly to those with higher entry
scores on the post-test. In cases where the course was taught without applying the
retrieval practice, the achievement gap remained: students with lower entry scores
also performed poorly on the course, and those with higher entry scores achieved
better results. In retrieval practice groups, the gap between students has narrowed
over time, suggesting that students with lower input scores were able to catch up.

Keywords Achievement gap - Retrieval practice - Test-enhanced learning -
University mathematics

Extended author information available on the last page of the article

Published online: 29 August 2025 &)\ Springer


http://orcid.org/0000-0003-4045-0527
http://orcid.org/0000-0003-4783-5411
http://orcid.org/0000-0002-7230-7023
http://orcid.org/0000-0002-1813-7246
http://orcid.org/0000-0002-4267-9360
http://crossmark.crossref.org/dialog/?doi=10.1007/s10763-025-10607-1&domain=pdf

A. Muzsnay et al.

Introduction

The low success rate in the first year of university mathematics and the transition from
high school to university as a global problem has drawn attention internationally (Di
Martino et al., 2023). Over the last few years, numerous universities have expressed
concerns about first-year students’ mathematical knowledge and skills (Greefrath et al.,
2017). In many cases, students’ mathematical entry-level differences are reflected in
their subsequent performance in university courses. Typically, those who enter uni-
versity with a better entry score and a solid mathematical background usually per-
form better on mathematics exams and are less likely to drop out (e.g., Almukham-
betova & Hernandez-Torrano, 2025; Hailikari et al., 2008; Kosiol et al., 2019; Rach
& Ufer, 2020). In other words, the achievement gap between students remains or even
widens, and the risk of failing and dropping out is much higher for those with lower
prior knowledge. Unless this issue is properly addressed, many students may drop out
or complete the course with great difficulty. Several universities offer bridging courses
to reduce the impact of the initial knowledge gap and enhance student learning skills
(e.g., Kontorovich, 2021; Mayerhofer et al., 2023; Rach & Ufer, 2020). Besides bridg-
ing courses, supporting students within each course would be equally important. While
bridging courses provide preliminary knowledge that is a prerequisite for university
courses, academic progression requires mastering knowledge of specific topics in uni-
versity mathematics.

In this paper, we aim to show that by using a simple intervention — applying a
specific kind of retrieval practice — mathematics educators can support their incom-
ing students and narrow the knowledge gap in the long term in specific content areas.
Recent studies suggest that the intensive use of retrieval practice (also called testing or
test-enhanced learning) can be an effective tool in the learning of mathematics at the
university level (Lyle et al., 2020; May, 2021; Szab¢ et al., 2023). Moreover, retrieval
practice has been shown to be an effective learning strategy in the case of a first-year
Number Theory course for pre-service mathematics teachers: students who learned by
retrieval practice performed better on the final test (Szabd et al., 2023). While the posi-
tive impact of retrieval practice on test performance has been recognized, to the best
of our knowledge, no research has yet explored its potential role in assisting first-year
students in catching up in a specific mathematical course. In this study, we investigate
whether retrieval practice can reduce this risk and reduce the potential dropout rate by
closing the knowledge gap between students with different mathematical backgrounds.
The study was carried out in two first-year mathematics courses for pre-service math-
ematics teachers: Number Theory and Algebra. We show that completing a short test
at the end of each lesson on the material learned on the given day — which is a form of
retrieval practice — can have a meaningful impact in reducing the dropout risk and help
narrow the achievement gap between students in first-year mathematics courses.
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Literature Review
Transition from High School to University

The transition from secondary to university education can be challenging for stu-
dents (Gregorio & Di Martino, 2018), and this is reflected in high drop-out rates
from mathematics programs, particularly in the first year of university studies
(Geisler et al., 2023). Researchers investigate the transition from different per-
spectives: epistemological, cognitive, socio-cultural, and affective (e.g., Di Mar-
tino & Gregorio, 2019; Geisler & Rolka, 2021; Gueudet et al., 2016; Hernandez-
Martinez & Williams, 2013; Rach & Heinze, 2017).

Behind the high dropout rates, many researchers assume two major changes in
the secondary-tertiary transition: a change in the nature of mathematics learned
and a shift in the learning environment from guided to self-regulated learning
(Rach & Heinze, 2017). In many countries, the nature of mathematics taught in
schools differs from that taught at universities (e.g., Germany: Rach & Heinze,
2011; South Africa: Engelbrecht, 2010; UK: Hoyles et al., 2001; Hong Kong:
Luk, 2005). This general pattern also applies to “Country Name”, where this
study was carried out. At university, concepts are defined more formally and
abstractly, with rigorous definitions and less emphasis is put on informal concept
images (Di Martino & Gregorio, 2019; Engelbrecht, 2010; Gueudet, 2008). One
difference between school and university mathematics lies in the nature of learn-
ing opportunities: university students are typically given less structured guidance
to master content (Biza et al., 2014; O’Shea & Breen, 2021; Rach & Heinze,
2011). Furthermore, university instructors generally have limited access to com-
prehensive information about their students’ prior knowledge (Clark & Lovric,
2009), which means instruction is not always aligned with students’readiness.
This misalignment can hinder academic performance (Erdélyi et al., 2019; Eun,
2017; Wass & Golding, 2014).

In this study, we adopt a cognitive perspective to examine the academic suc-
cess of first-year pre-service mathematics teachers.

Predicting Students’ Academic Success

In several studies, academic success is described as a multidimensional concept
that includes both subjective and objective criteria (e.g., Locke et al., 2023; Nagy,
2006). This paper focuses on objective measures, specifically the test grades
obtained in a given university-level mathematics course. Among the most sig-
nificant predictors of academic success are cognitive prerequisites, particularly
prior knowledge (e.g., Hailikari et al., 2008; Kosiol et al., 2019). In previous
studies on secondary-tertiary transition, mathematical prior knowledge is defined
as individual knowledge about mathematical concepts that are being used,
extended, or reconceptualized during university mathematics studies and which
has been acquired until the end of secondary school (Rach & Ufer, 2020). From a
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theoretical point of view, it is understandable why prior knowledge plays such an
important role in academic success. According to cognitive-constructivist learn-
ing theories, new knowledge is integrated into existing knowledge (e.g., Cobb,
1994), and a higher level of prior knowledge facilitates the integration process.
However, prior knowledge must align with the new content (Rach & Heinze,
2017). Another important indicator of cognitive prerequisites is prior academic
achievement or previous study success. School leaving grades (examinations) in
particular are strong predictors of academic success at the university level, espe-
cially in mathematics courses (e.g., Hailikari et al., 2008; Laging & Volkamp,
2017; Richardson et al., 2012).

It is important to note that the impact of cognitive prerequisites on the acquisition
of mathematical knowledge can be direct or indirect (Trigwell et al., 2013). On the
one hand, the construction of new knowledge directly relies on well-connected prior
knowledge in any learning process. On the other hand, new knowledge can be medi-
ated through learning strategies — “behaviors and thoughts that a learner engages in
during learning and that are intended to influence the learner’s encoding process”
(Weinstein & Mayer, 1986, p. 315).

On the Way to Solving the Problem of the Knowledge Gap

Students with weaker prior knowledge typically earn lower grades and face a higher
risk of dropping out (e.g., Hailikari et al., 2008; Kosiol et al., 2019; Rach & Ufer,
2020). To address this issue, many universities offer preparatory or bridging courses
that review secondary school mathematics to strengthen foundational skills (May-
erhofer et al., 2023). While such courses can ease the transition to university, their
effectiveness is mixed and limited (Biichele, 2020). Pinto and Koichu (2022) argue
— and we agree — that addressing knowledge gaps requires broader systemic changes.
Since academic success depends on mastering specific university-level content, first-
year mathematics courses should actively support students’understanding and pro-
mote effective learning strategies. While bridging courses typically provide general
knowledge, academic progression requires mastering knowledge on specific top-
ics in university mathematics, and academic success depends on this latter knowl-
edge. Accordingly, mathematics courses, especially first-year mathematics courses,
should be designed in a way that supports students in acquiring the learning material
and fosters the implementation of powerful learning techniques. In this paper, we
explore whether implementing a specific type of retrieval practice may assist math-
ematics educators in supporting their incoming students, especially those with lower
prior knowledge, to close the knowledge gap.

Retrieval Practice

Retrieval practice, also known as testing or test-enhanced learning, is a learn-
ing technique that involves recalling to-be-remembered information from memory
without using external sources. It can take place as part of responding to classroom
questions, quizzes, flashcards, brain dumps, and examination questions (Karpicke
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& Blunt, 2011). This retrieval-based benefit on long-term retention is commonly
denoted as the testing effect (Dunlosky et al., 2013; Rowland, 2014). There is strong
evidence for a direct effect of retrieval practice on learning, indicating that the
strategic use of retrieval to enhance memory is among the most effective learning
techniques available (Donoghue & Hattie, 2021; Dunlosky et al., 2013; Karpicke
& Blunt, 2011; Larsen et al., 2013). Within this context, learning can be defined as
a relatively permanent change in knowledge, understanding, or skill resulting from
experience, practice, or instruction, underpinned by cognitive and metacognitive
processes that enhance the encoding, retention, and retrieval of information, while
learning techniques are actions that learners themselves can take to enhance their
learning (Donoghue & Hattie, 2021).

The phenomenon whereby taking a test on previously studied material leads
to better long-term retention than does other learning strategies, like rereading
that material for an equivalent amount of time, is called the testing effect. It has
been demonstrated with various kinds of practice tests, materials, and age groups
(Karpicke, 2017). However, the majority of these studies have been conducted in
controlled laboratory settings, primarily focusing on the memorization of texts or
unfamiliar foreign words (Lyle et al., 2020). In these contexts, learning was opera-
tionalized as memorization, and its effectiveness was typically measured by the pro-
portion of material that participants were able to recall, such as the percentage of
words or text segments remembered.

In turn, learning in authentic educational contexts is more complex and multi-
faceted. The classroom environment presents multiple overlapping variables, such
as peer interactions, interaction with teachers, curriculum demands, and time con-
straints, that are difficult to isolate or control. Additionally, in real-world classrooms,
learners engage with a wide range of learning goals beyond the memorization of
isolated facts, including conceptual understanding, problem-solving, critical think-
ing, and knowledge transfer. These settings involve diverse student populations with
varying levels of prior knowledge, motivation, and learning needs, all of which
interact with instructional methods and social dynamics. Learning mathematics dif-
fers substantially from learning a text or vocabulary. Mathematical problems can
be complex and composed of highly interrelated components; solving them often
requires advanced deductive reasoning and problem-solving skills (Kontorovich,
2019; Kontorovich & Li, 2022; Sheromova et al., 2020). Within the field of mathe-
matics education, especially at the tertiary level, retrieval practice remains relatively
underexplored (May, 2021). There is a growing need for research investigating how
retrieval practice can be integrated into mathematics instruction to enhance both
retention and problem-solving capabilities (Agarwal et al., 2021). With this study,
we aim to contribute to the existing body of literature on the application of retrieval
practice in mathematics education. Specifically, we investigated a form of retrieval
practice, namely, in which students were required to solve two problems related to
the lesson content individually and without assistance at the end of each lesson. This
was compared to a condition where students solved the two problems collectively,
with the help of the teacher, or listened to the teacher presenting the solutions to
the same problems. To evaluate the outcomes, we assessed students’ knowledge and
problem-solving skills using tests that included problems aligned with the Number
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Theory and Algebra content covered during instruction. While these test problems
were not identical to those practiced in the lessons, they were solvable using the
facts and procedures introduced in class. Successfully solving them required stu-
dents to retrieve content-specific information from memory and apply it in new con-
texts, allowing us to examine not just retention but also knowledge transfer and flex-
ible application.

Concerning mathematics tertiary education, the study of May (2021) investi-
gated the effects of spaced, repeated retrieval practice on mathematical knowledge
and reasoning in an authentic educational environment, among second-year pre-ser-
vice mathematics teachers. The results indicated that the practice was effective in
improving students’ performance in areas involving familiar algorithmic reasoning
and procedural knowledge. However, it was less effective in tasks requiring flexible
and creative application of conceptual and procedural knowledge. Their study is par-
ticularly relevant to the present research, since it explored retrieval practice in real-
life circumstances, in a university mathematics context. Yeo and Fazio (2019) exam-
ined the effectiveness of retrieval practice compared to studying worked examples
(ie, problems presented together with their step-by-step solutions) in a one-session
studying period on Poisson-distribution across different learning goals. Their most
important results from the point of view of our study are the following: repeated
testing was more effective than repeated studying of the worked examples after
5 min or a 1-week delay when students’ goal was to remember the worked example
as a text passage. However, repeated studying of the worked examples was more
efficient than repeated testing when it came to learning the mathematical procedure
and measuring performance after 5 min. After a 1-week delay, the repeated testing
group outperformed the repeated studying group. The study of Yeo and Fazio is rel-
evant for the current work as we also examine the effect of retrieval practice versus
another learning strategy concerning mathematical problem-solving. The novelty of
our experiment is the examination of the two learning methods over a much longer
term than one week.

The study of Lyle and Crawford (2011) might be the most relevant for our
research, as their implementation of retrieval practice closely resembles our own.
In their study, a short retrieval activity was conducted at the end of each lecture in a
statistics course for psychology students, targeting key learning content. This inter-
vention significantly improved students’ exam performance. Additionally, subjective
feedback from the participants was positive: the students appreciated the practice
and perceived it as beneficial to their learning.

These results point to the direction that retrieval practice can be a promising way
to improve academic achievement. In subsequent studies, Lyle and colleagues exam-
ined the impact of spaced retrieval practice in a precalculus course (Lyle et al., 2016,
2020). They found that spaced retrieval practice increased the long-term retention
of various types of mathematics knowledge. Notwithstanding, a limited number
of studies compared the effectiveness of retrieval practice with other instructional
methods. These studies typically assess whether students who engage in retrieval
practice outperform their peers on assessments administered after different retention
intervals, ranging from immediate testing to follow-ups conducted one week or one
month later.
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The Study

As emphasized in the Literature Review, students’ mathematical entry level is a
strong predictor of academic success: those with a stronger background tend to
earn higher grades and are less likely to drop out, whereas students with weaker
prior knowledge often achieve lower grades and face an increased dropout risk
(e.g., Hailikari et al., 2008; Kosiol et al., 2019; Rach & Ufer, 2020). This well-
documented performance gap underscores the urgent need for instructional strate-
gies that can support students across a broad range of prior preparation levels,
particularly those at risk of falling behind early in their university studies. We
propose that retrieval practice may be a powerful intervention for this purpose. A
growing body of research demonstrates that retrieval practice not only strength-
ens learning outcomes in general but also supports students with weaker aca-
demic backgrounds. This support is multifaceted:

Firstly, retrieval practice enhances long-term memory: actively recalling infor-
mation reinforces neural pathways and improves future recall, making it easier for
students to build and retain foundational knowledge over time (Bego et al., 2024).
This can be particularly beneficial for underprepared students, as it supports the
acquisition of knowledge that students with stronger mathematical backgrounds
may already possess. By shifting essential information from working memory
into long-term storage, retrieval practice reduces cognitive load, which is particu-
larly beneficial for underprepared students, who are more susceptible to overload
when grappling with unfamiliar or abstract material (Agarwal et al., 2017). This
is especially critical in mathematics, where concepts build cumulatively and gaps
can quickly compound. Also, retrieval promotes knowledge transfer and analogi-
cal problem-solving, it enhances students’ ability to apply what they’ve learned
in new contexts (Hostetter et al., 2018) — a key skill in mathematics education,
where being able to apply knowledge in different contexts is crucial for success.
Better problem-solvers may get less from this effect, while weaker ones can get
more. Furthermore, it fosters metacognitive awareness (Barenberg & Dutke,
2019; Boettcher, 2013; Little & McDaniel, 2015; Rowland et al., 2022), help-
ing students better monitor their own understanding, recognize knowledge gaps,
and focus their study efforts more strategically. Higher-achieving students con-
sistently demonstrate stronger metacognitive skills — such as planning, monitor-
ing, and regulating their learning — compared to their peers (Akpur, 2024; Dent
& Koenka, 2016; Stephanou & Mpiontini, 2017). Incorporating retrieval practice
may support the development of these skills in lower-achieving students, poten-
tially narrowing the gap in metacognitive ability. Finally, when combined with
timely and targeted feedback, retrieval practice becomes even more effective:
feedback helps correct misconceptions, which are more present amongst weaker
students, reinforces accurate knowledge, and deepens conceptual understanding
(Kornell & Vaughn, 2016). Based on the aspects of retrieval practice mentioned
above, we propose that incorporating structured retrieval practice into first-year
mathematics instruction may not only enhance overall academic performance
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but also reduce the performance gap between students with varying entry-level
knowledge, thereby supporting more equitable learning outcomes over time.

In this study, we aim to investigate whether the applied retrieval practice can
produce what we refer to as a bridging effect. By bridging effect, we do not mean
addressing specific gaps in secondary school mathematics content. Instead, we
define bridging effect as a phenomenon in which students with varying levels of
prior mathematical knowledge and academic achievement, ranging from well-pre-
pared to underprepared, achieve comparable levels of proficiency in university-level
mathematics over time.

The bridge, in this context, spans the gap between students’ entry level — which
may differ significantly in terms of prior knowledge — and the mathematics course
requirements. It is not a bridge between topics or curricula, but between initial
disparities in readiness and later convergence in course performance. Our central
hypothesis is that retrieval practice serves as a mechanism to close this performance
gap, helping students with weaker backgrounds catch up to their initially more pre-
pared peers. To the best of our knowledge, this dimension of retrieval practice has
not yet been explored.

Measuring Academic Success (Achievement) and Cognitive Prerequisites

Academic success is often conceptualized as a complex, multidimensional construct
that includes both subjective and objective indicators (e.g., Locke et al., 2023; Nagy,
2006). This paper focuses on objective measures of academic success at the course
level, particularly student performance on assessments in specific university math-
ematics courses.

Prior academic achievement is commonly measured from high-school scores and/
or grades. As Rach and Ufer (2020) noted, “school qualification grade, averaged
over all school subjects, is maybe the most studied indicator for students’ cogni-
tive learning prerequisites, even though it can be argued that it is an amalgam of
prior school achievement with affective-motivational characteristics such as learning
motivation” (p. 381).

In “Country Name”, secondary mathematics education constitutes a two-level
system. Both primary and secondary education are regulated by the National Core
Curriculum (NCC). The NCC is designed to ensure educational equity by prescrib-
ing a standard set of learning objectives, including both factual knowledge and pro-
cedural skills, to be acquired within specific two-year periods in both. Despite these
curricular aims, many students entering higher education struggle to demonstrate the
expected knowledge and competencies. One possible explanation for this disconnect
is that, in practice, secondary mathematics education often emphasizes mechani-
cal application of routine procedures and preparation for school-leaving examina-
tions, which typically involve highly predictable tasks. Consequently, students may
not develop the deep conceptual understanding and problem-solving skills expected
at the university level (Kontorovich & Ovadiya, 2023). Findings from previous
studies (Erdélyi et al., 2019; Rékasi & Szabd, 2021) reveal a significant discrep-
ancy between the expectations outlined in the national curriculum and the actual

@ Springer



Retrieval Practice—A Tool to Narrow the Achievement Gap in...

competencies demonstrated by students. An additional contributing factor to the
persistent knowledge gap may be the divergence in curriculum development: while
the NCC has undergone several revisions in recent decades, university mathematics
curricula have remained largely unchanged (Erdélyi et al., 2019).

At the same time, in “Country Name”, in the two final years of school, students
can choose between studying mathematics at an advanced level or an intermediate
level. Also, the final mathematics examination is offered at two levels. As a conse-
quence, commonly used academic indicators — such as school performance, grade
point average, or final exam scores — cannot reliably reflect students’ preparedness
for university-level mathematics. Therefore, in this study, students’ cognitive pre-
requisites were assessed using a pre-test designed specifically for this purpose. This
pre-test primarily evaluated knowledge of high school mathematics that is critical
for success in first-year university mathematics courses.

Designing Retrieval Practice for Closing the Knowledge Gap

A powerful learning method that can help students enhance certain cognitive pro-
cesses (such as memory storage, retrieval, rearrangement, and manipulation of
stored information, and metacognition) is retrieval practice. It has been shown that
by regularly recalling information, students reinforce their memory, improving both
retention and the ability to apply knowledge to new problems (Roediger & Butler,
2011). According to recent studies, retrieval practice not only enhances memory
retention but also supports problem-solving capabilities, which are central to univer-
sity mathematics (Lyle et al., 2016).

In this study, we incorporated retrieval practice into first-year university math-
ematics courses, specifically within the mathematics practice sessions. In “Country
Name”, university mathematics courses typically consist of two components: a lec-
ture and a practice session. During the lectures, the lecturer, who is often a math-
ematician by training, presents core concepts, theories, and proofs. Practice sessions
are designed to facilitate the application of theoretical content from the previous
week. These sessions usually involve students working individually or collabora-
tively on the programs under the supervision of an instructor. In this instructional
context, the lecturer is typically a senior or experienced faculty member responsi-
ble for delivering the theoretical content during lectures. The instructors who lead
the practice sessions can be — but not necessarily — less experienced teachers, such
as PhD students or early-career academics as well. A traditional practice session
often begins with a short test covering the content of the prior lecture, followed
by a discussion of the homework. The remainder of the session is typically dedi-
cated to collaborative and individual problem-solving activities, with the instructor
providing guidance as needed. Although students may engage in retrieval through
activities such as completing homework, solving problems in class, and respond-
ing to the instructor’s questions, there is typically no time during the lessons for
students to recall and apply what they have learned independently, without external
support. While some retrieval may occur in traditional sessions organically, it is nei-
ther structured nor ensured.
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According to the literature, retrieval practice should take place relatively close
to the learning phase, within 24 h, there should be no copying, students should
not receive any assistance, and they should actively participate in it (Szeibert
et al., 2022). Retrieval tasks are designed to mirror the types of problems that stu-
dents will encounter in exams and real-world applications, ensuring that retrieval
practice is not just about rote recall but also about developing problem-solving
skills (Smith & Karpicke, 2014). To keep students engaged and reduce the pres-
sure of high-stakes testing, retrieval practice is suggested to be implemented fre-
quently and with low stakes, such as through weekly quizzes, in-class retrieval
exercises, or problem-solving activities.

For the purposes of this study, we designed a retrieval practice based on the
previous criteria. The type of retrieval practice we chose resembled that of Lyle
and Crawford (2011); at the end of each practice session, students in the experi-
mental group had to complete two tasks similar to those encountered during the
class. For 13 weeks, every week, in every practice session students were given
the same problem sheets. In the experimental group, students took a brief, 5-to
10-min test at the end of each practice session. These tests consisted of two prob-
lems, which the students solved individually without any assistance. To avoid dis-
crepancy in the learned material, during the same time period, students in the
control group were presented with the same two problems, which were solved
by the instructor or collectively with the help of the instructor (hereafter referred
to as instructor-led problem solving). This design ensured that both groups were
exposed to identical tasks, allowing for a controlled comparison between retrieval
practice and a more traditional instructional approach, which is commonly used in
university mathematics practice sessions. To isolate the effects of retrieval prac-
tice from those of teacher explanation, in the experimental group, the solutions to
the end-of-class test were not discussed unless the students explicitly requested
clarification. Note that in previous studies, the positive effect of retrieval prac-
tice on memory retention had been shown independently of the correctness of the
answer; both successful and unsuccessful recalls contribute to memory improve-
ment (Roediger & Butler, 2011). Each end-of-class test was graded on a simple
point-based system: students received 1 point for a correct solution, 0.5 points for
a solution with a minor error, and 0 points for an incorrect or missing solution.
This grading scheme provided students with basic feedback on the accuracy of
their responses while minimizing the time and effort required from instructors
to correct the tests (which is not negligible in terms of practicality in a class-
room environment). During the grading process, we aimed for reliability, and the
course instructors held brief weekly discussions to align the test marking. Fol-
lowing these discussions, each instructor marked their students’tests. At the end,
the lecturer reviewed the marking for consistency. To qualify for the final exami-
nation, students were required to achieve at least 50% of the total possible points
from the end-of-class tests. While this threshold was relatively easy to meet, we
considered it important to ensure that students engaged seriously with the pro-
cess. This approach is referred to as retrieval practice (testing) in the context of
our study.
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Research Question

Insufficient mathematical preparation significantly predicts lower academic
performance and higher dropout risk (Hailikari et al., 2008; Kosiol et al.,
2019; Rach & Ufer, 2020; Selden, 2005). These gaps often persist throughout
students’studies. We investigate whether structured retrieval practice can support
students with weaker prior knowledge and improve their academic outcomes in
first-year mathematics courses, reducing the performance gap between students
with higher and lower entry levels.

RQ: Does retrieval practice have a bridging effect, that is, is it true that first-
year students who study by retrieval practice perform equally well in Algebra and
Number Theory courses, irrespective of their entry scores, while the performance
gap (predicted by students’ entry score) remains amongst those who study solely
under instructor-led problem solving??

We expected that students who study with retrieval practice perform better
irrespective of their pre-test scores, so we do not expect a relationship between
pre- and post-test scores, while in the case of the instructor-led problem solving,
we do expect a relationship.

Methods

This study is a quasi-experiment that was carried out at the “University” in the
capital of “Country Name”. The study was conducted in two first-year mathemat-
ics courses for pre-service mathematics teachers: Number Theory and Algebra.
These courses are in the four pure mathematics courses that are mandatory at
the university in the first year of the teacher training program, and they all last
for 13 weeks. Through the intervention, we investigated the potential impact of
retrieval practice — recalling the material of the given day right after each lesson
— in helping students to succeed in the first-year mathematics courses mentioned
above and in reducing the performance gap between students.

Participants

Participants of the study were 18-23 years old “Nationality” pre-service math-
ematics teacher students from the “University”, from the class of 2017/18, who
attended the two courses and took a test at the beginning of their university stud-
ies on the prerequisites of the mathematics teaching program; this meant 42 stu-
dents in the Number Theory course and 50 students in the Algebra course. This
test served as an input test (hereafter also referred to as “pre-test”) to assess their
current high-school mathematical knowledge and competence. Later, we com-
pared students’ performance to the results of this input test.
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Study Design and Structure

The study follows a pre-test and post-test design. In each course, data were collected
at the beginning of students’ university studies, during the semester (when students
attended the Number Theory and the Algebra course), and after the intervention.

At the beginning of the university studies, all participants completed a diagnos-
tic pre-test to evaluate the mathematical knowledge and competencies they acquired
during high school. The assessment comprised eight problems encompassing a
range of mathematical domains, including real series, functions, logarithmic and
trigonometric equations, inequalities involving absolute values and radicals, num-
ber theory, geometry, and word problems. The purpose of this test is to serve as a
diagnostic tool to measure prior knowledge and readiness for the university courses.
Those who achieve over 70% of this test finish their bachelor’s degree with a 96%
probability based on previous years’statistics. Those who score below 70% have to
take a course on high school mathematics.

Throughout the semester, students’ topic-specific problem-solving abilities were
assessed on two occasions in each course. The students completed a midterm assess-
ment and another assessment at the end of the semester. The mid-semester assess-
ment (first midterm) focused on problem sets derived from the content covered dur-
ing the first half of the course, whereas the end-of-semester test (second midterm)
evaluated students’proficiency in topics introduced during the latter half of the term.

Several months after completing the courses, students took post-tests designed
to assess the retention and transfer of the mathematical knowledge acquired during
the respective courses. The post-test items were closely aligned with the course con-
tent and mirrored the structure and conceptual focus of the problems presented in
the mid-semester and end-of-semester assessments. In the following, we present the
quasi-experiments related to the two courses.

Both courses were lectured by the same teacher, who is one of the authors. All
lectures were followed each week by practice sessions in groups of 12 to 18 stu-
dents. In both courses, there were experimental and control groups. At the beginning
of the semester, students registered for their courses through the NEPTUN study
system on a first-come, first-served basis. Then we divided them into two parts of 3
groups, such that both in the experimental and the control groups there was a group
taught by a professor, by a PhD student, and by a master student. In the Number
Theory course, there were six instructors (one of them was also the lecturer), while
in the Algebra course, there were four teachers giving practice sessions (again, one
of them was the lecturer). The experimental and control groups attended the same
lectures, and on the practice sessions, they were introduced to the same concepts,
the same theories, and the same tasks during the semesters in each class. The topics
covered by the courses can be found in the Appendix. However, for 13 weeks, the
practice session groups received different treatment: the experimental groups took a
short test at the end of each practice session. The test encompasses two open-ended
questions related to the topic of the session. The problems were similar to those
covered in the practice session, drawing on the same concepts and procedures from
the lesson, but required students to combine the information in a slightly different
way. Students in the experimental group solved these problems individually, without
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assistance or external help. This way, they had to recall what they had learned in
that lesson. To give the reader an impression of these end-of-class tests, we present
a problem sheet of a Number Theory practice session and the corresponding end-of-
class test in Table 1, and a problem sheet of an Algebra practice session and the cor-
responding end-of-class test in Table 2. In the control group, the same two problems
were presented and solved by either the teacher or the students with the teacher’s
help, depending on the course. In the Number Theory course, the students solved the
problems with the teacher’s help and then discussed the solutions (as they did with
the other problems in the practice session), while in Algebra, the problems and their
solutions were presented by the teacher himself. The distribution of experimental
and control groups was the following: in Number Theory, the experimental group
consisted of 20 students and the control group of 22. In Algebra, 30 students were in
the experimental group and 20 in the control group. Although initial enrollment was
higher, these numbers represent the students who completed both the pre-test and
the first midterm examination. These students are considered the participants of the
study.

Students’ topic-related problem-solving skills were measured by two midterms
in the sixth and the 13th week of the semester. In the case of the Number Theory
course, there was a post-test 3 months after students finished the course, while in
Algebra courses, the post-test was 5 months later. The first midterm in each semester
assessed students’understanding of the material covered during the first 4-5 weeks
and served as an early diagnostic tool. It provided insight into which mathematical
concepts students had mastered and which they found challenging. The second mid-
term aimed to do the same for the latter half of the course, though it relied signifi-
cantly on foundational topics from the first part of the semester, thus also assessing
retention and integration. These Number Theory and Algebra midterms have con-
sisted of essentially the same problems every second year since 2003, with mini-
mal variation in task types and difficulty levels, which enhances their reliability as
diagnostic instruments. Students received separate grades for practice sessions and
exams; the practice session grade was largely based on the average of the two mid-
term performances. Post-tests were designed to evaluate the same competencies as
the original midterms, allowing for comparison and validation of the diagnostic
information obtained earlier in the semester.

Data Analysis

We analyzed the relationship between students’ pre-test scores and the results
of their first midterm (6th week), second midterm (13th week), and the post-
test (3 and 5 months after the end of the Number Theory and Algebra courses,
respectively). We calculated the test scores as percentages, so that the ranges of
test scores are comparable. To assess whether the relationship between pre-test
scores and midterm and post-test scores is the same in the experimental and con-
trol groups, and whether students in the experimental group perform better than
in the control group, we used general linear models (GLMs), as they enable us
to test these in a single model. We ran separate models for the two courses and

@ Springer



A. Muzsnay et al.

(L)poutg = x:wd)IsAs 90uaNISU0D Y 9AJOS
US> (U)o ey dr01g

(Pwoy 03 03 5193 oy A "s[[90 uado ur s1ouosLid [[e pasedal Y ‘Aep 9y} JO PuL Y} 1Y Y9I YO0 [

9y Suy8303 prens Yo [ 2yl 01 dn ‘uo os pue ‘pig K149 pIg Ay} ‘Yoje| pug K199 9[330) 03 p1ens pug
Y ‘yoje| 1949 9[330) 0] pIens IS | 9Y) PAIPIO oY ‘WIYM B UQ "S[[90 uostid 0] pey uejng ysoung, v
(ownd e st F\Sw JBY) yOnS ¥ B 91dY) ST S-u YoIym I0q
L K¢

6= o
({PUQ ISI[ SIY} SQOP YA 919 ‘T + m S (u)p pue ‘T + m S (u)p 1ey) 9A01g

wp

us o jeyl aA01d

(v)poug = x pue ‘(q)pown = x (p
(8)powiQ1 = xg pue ‘(g1)poug = xg (9
(8)pouip] = xg pue (g])pouis = X6 (q

(9g)pouiQ1 = xQ1 pue ‘(L1)pouie = ¥¢1 (8
:$90U9NISU0D JO WAISAS SUIMO[[O] Y} A[OS

z —(uD)"
o - 1=(u'p) :v:vON u.&ﬂu ano1g

zJosomod e st (w)o ([:g/u= W (1:g/u= (o (4 (u)og = (ug)o
@ig+u=WoFpr+u=@wo@I+u=@o(pig/u=wp©ERI=wp@QT-u=p
Jey) yons ‘u s10a)ul [[e purg
(p1oy uonenbs oy seop uaym (q
[ +uS (u)p+ (u)d ey aaoid (e

(urege)
Suoim s19ys Jey) dA01d "(4)og = (ug)o Jey) Yyons J9FUI Ue PUNOj aYs Jey) SWIL[O YOI PIYoIm Ay,

ey (bd)pour] = (x 9ouanI3u0d dy) $20p suonnjos Auew moy “sswtid ppo Jounsip omy oq b pue d 1]
SuoIm ST YAIM PRIIM ) JBY) 2A0IJ "€ U ‘s £,/ AQ way) saoe[d 9ys J] Josun urewras
96 U ‘J[2ys yoea ojuo //, urde[d ‘soafays Y uo srel 1oy soSueLIe ays J1 Jey) SWIR[D YoM PIOIM Y],

(9¢)poug] = x9 pue (61)pows = x|
:$90U9NISU0D JO WRISAS SUIMO[[OF Y} QA[OS

€l
Cl

IT
01

I

189) SSB[O-JO-PU ) JO SWI[QOIJ

300ys wayqoid ay) Jo swe[qoid

159) SSe[9-JO-pud Surpuodsariod ay} pue 199ys wd[qoid A10ay) Toquinu e Jo o[dwexy | ajqel

pringer

AQs



Retrieval Practice—A Tool to Narrow the Achievement Gap in...

Table2 Example of an algebra problem sheet and the corresponding end-of-class test

Problems of the 1 Find the algebraic form of \/a + bi
problem sheet

Find the algebraic forms of the a) 24th; b) 16th roots of unity which fall
in the first quadrant of the plane. Which of them are primitive?

3 Prove that the product, reciprocal, conjugate, power and an 7™ root of unity are
also roots of unity. Is the same true for the sum of roots of unity?

4 Denote £, &, _ €, the n roots of unity. Determine the value of
n . n . n 2.
a) X g DI, ep 02, €l DYt €6
5 Make a closed form:

o(5)-(2)+ (5)-n(5)+ (3)+ (3) -
0)+(5)+(¢)

6 What could be the order of the product of an 8th and a 9th root of
unity? What is the answer if we also know that the factors are primitive
8th and 9th roots of unity? Express o(—¢) with o(g)

7 Solve the equation x> 4+ (2 + 2i)x — (3 4+ 2i) =0

8 Solve the following equations over the complex numbers:
ax*+1=0;bx0 =i;0)x* +4=0;d)x" = -1
9 Find the algebraic forms of the primitive n'

2,3,4,5,6

root of unity forn =1,

th

10 Determine the a) sum, b) product, ¢) sum of squares of the n root of

unity

11 Find the order of the following complex numbers:

1,-1,-i, 1+, l\%, cox(\/in) + isin(\/izr),cos336° + isin336°

12 Show that the product of an 7 and m" root of unity is an nm
root of unity

th

Problems of the end- 1 What is the 5th root of i?

of-class fest 2 Let € be the first 2018th unit root. Give the length of z, where

Z=€e+ 2+ 4 - 42018

analyzed the first midterm, second midterm, and post-test scores separately to see
whether the relationship changes with time. In the models, we included pre-test
scores (covariate), group (factor) as predictors. By including the group as a fac-
tor, we can assess whether students in the experimental group got higher post-test
scores than those in the control group. We also included the pairwise interaction
of group and pre-test scores in all models, since we expected that the relationship
between pre-test scores and midterm and post-test scores is not the same in the
two groups.

In the case of Algebra, only a few students took both the pre-test and the
post-test (N=12 from the control group and N=11 from the experimental
group). Instead of the pre-test scores, we used extended pre-test scores as a
baseline when analyzing students’post-test results (to be explained later). This
way, 34 first-year students participated in the experiment, N= 14 in the experi-
mental group and N =20 in the control group, increasing the sample size. The
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extended pre-test was obtained by selecting certain tasks from the first mid-
term. We divided the first midterm into two parts. The first contained three
mostly computational problems focused on complex numbers, primarily assess-
ing algebraic skills typically learned in high school, with minor extensions
involving properties of complex numbers. These three problems were selected
as our extended pre-test. The second part, covering polynomials — the main
topic for the rest of the semester — was thematically distinct from the first. We
investigated the relationship between the pre-test and extended pre-test score
(covariate) and group (factor) and their two-way interaction. There is a strong
relationship between pre-test and extended pre-test scores (X2=33.3, df=1,
p<0.0001), while neither the group nor the interaction was significant (all
X2< 1.70, df =1, p>0.19). This means that the pre-test score and the extended
pre-test score are significantly correlated in both groups. All statistical analyses
were conducted in R 4.3.3 (R Core Team, 2024).

Results
Number Theory

There was a significant relationship between pre-test scores and the scores of the
first (N=42, x*=17.8, p=0.0004) and the second midterm (N=34, x*=5.96,
p=0.014). In the first midterm, there was a significant difference between the groups
(N=42, x*=12.5, p<0.0001; all other x*<0.82, p>0.365), when the experimental
group got better results. The relationship between pre- and post-test scores depended
on the groups (interaction: N=42, X2: 10.4, p<0.0012); the post-test results of the
experimental group did not depend on the pre-test scores, while the control group
results did. Also, the experimental group performed better than the control (N=42,
XZ: 14.2, p=0.0001). The equations of the ordinary least squares (OLS) fitted lines
from the above models are in Table 3.

In the control group, the slope is between 0.54 and 0.95 in all tests, and it gets
close to 1 on the post-test with a relatively big corresponding R? value (R? = 0.40).

Table 3 The experimental and control group’s results in number theory on the first midterm, second mid-
term, and post-test compared to their pre-test scores

Number of participants Equation R?
Experimental Control Experimental  Control Experimental Control
Pre-test and 1st 20 22 y=0.59%+37 y=0.54x+25 0.56 0.13
midterm
Pre-test and 2nd 20 14 y=037x+36 y=0.77x+4.1 0.14 0.19
midterm
Pre-test and post- 20 22 y=0.04x+71 y=095x—-43 0.01 0.4

test
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It means that in the control group, there is a connection between the input scores
and the output scores: the better the input score is, the better the output score. In the
experimental group, the slope is 0.59 on the first midterm, and contrary to the con-
trol group, it decreases with time. On the post-test, the slope gets close to 0, and the
corresponding R? value is R*> < 0.01. This means that students’ post-test scores are
independent of their input scores.

Algebra

Analyzing the test result, we found that there was a significant relation-
ship between the pre-test scores and the scores of the first (N=50, X2=34.8,
p <0.0001) and the second midterm (N=46, X2= 17.8, p<0.0001, all other
X2< 0.21, p>0.64). Also, there was a marginally significant interaction
between the pre-test scores and the group: the post-test results of the experi-
mental group did not depend on the extended pre-test scores, while the control
group results did (N =34, X2=3.69, p=0.054). Furthermore, the experimen-
tal group performed better than the control (N =34, X2= 6.23, p=0.012). The
equations of the ordinary least squares (OLS) fitted lines from the above mod-
els are in Table 4.

As we can see, the two groups performed similarly on the first and the sec-
ond midterms, the slopes are between 0.65 and 0.80 in both groups. However,
on the post-test, the two groups differ greatly. In the experimental group, the
line we get by linear regression is y = 0.093x + 36; the slope is close to 0, and
the corresponding R? value is R* < 0.01. The input scores and the output scores
are independent. As opposed to the experimental group, in the control group,
the input scores and the post-test scores are highly related: the equation of the
line is y = 0.8x — 3.9, the slope is close to 1, and the corresponding R? value is
R? = 0.4. It means that in the control group, the input and the output scores are
not independent of each other: the better the input score, the better the output
score.

Table 4 The experimental and control group’s results in algebra on the first midterm, second midterm,
and post-test compared to their (extended) pre-test scores

Number of participants Equation R?
Experimental Control Experimental  Control Experimental Control
Pre-test and 1st 30 20 y=077x-76 y=0.65x+1.5 0.42 0.4
midterm
Pre-test and 2nd 28 18 y=08x-89 y=0.75x-5.1 0.3 0.24
midterm
Extended pre-test 14 20 y=0.09%+36 y=0.8x-3.9 0.01 0.4

and post-test
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Conclusion

Analyzing first-year preservice mathematics students’pre-test, midterms, and
post-test results, we found that in the control groups, where the instructor-led
problem solving treatment was applied, the pre-test scores and the post-test scores
were highly related. We found that in the control groups there was a significant
relationship between the pre-test score and the output scores; the better the input
score was, the better the output score. In other words, students’pre-test scores
predicted the output results. In the experimental groups, where retrieval practice
was implemented, the input and the final test scores were independent of each
other: a low input score did not mean that the student’s output score would be low
as well. Also, it should be mentioned that the experimental groups’ averages were
higher on each test than the average of the non-testing group. Another interesting
observation is that the bridging effect of retrieval practice was not necessarily
detectable immediately in the first midterm, after six weeks, but it had a signifi-
cant impact in the longer run. In the case of the Algebra course, the difference
was visible five months after the course completion.

The results of the study show that retrieval practice helped minimize the
impact of prior knowledge in the case of learning both Number Theory and Alge-
bra topics. Students with lower input scores performed similarly to those with
higher entry scores on their last test. In both Number Theory and Algebra, the
gap between students’ knowledge in the given topic has narrowed over time in
the experimental group. However, in cases where the course was taught without
applying retrieval practice, the achievement gap remained. Figure 1 illustrates our
findings.

The results imply that retrieval practice has a bridging effect in the sense
that when applied in first-year mathematics courses, it better supports students
with weaker mathematical backgrounds in meeting course requirements and

Prior Test
Knowledge performance

Stronger performance

v

v

Weaker performance

A Students learning with retrieval
® Students learning with instructor-led problem solving

Fig. 1 The illustration of the results
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developing problem-solving skills compared to instructor-led problem-solving
approaches. Our results suggest that retrieval practice may help students improve
their proficiency in the given mathematics topic, potentially reducing the impact
of differences in their initial input scores.

Summary and Discussion

Several universities have recently expressed concerns about first-year students’
mathematical knowledge and skills (Greefrath et al., 2017). Students who start
university with inadequate learning prerequisites in mathematics have little or no
chance of meeting the requirements of mathematics courses; they are at higher
risk of failing and dropping out (Hailikari et al., 2008; Kosiol et al., 2019; Rach
& Ufer, 2020). In this study, we investigated whether retrieval practice can con-
tribute to the solution of this problem: compensate for initial knowledge differ-
ences, and increase students’academic success. The study was carried out in two
first-year mathematics courses for pre-service mathematics teachers: Number
Theory and Algebra.

The study followed a pre-test and post-test design. All participants took a
mathematics competence test at the beginning of their university studies. The
score of this input test served to measure their preliminary mathematical knowl-
edge. Later, we compared students’ performance to the results of this input test.
The experimental groups took a short end-of-class test after each class on the
topic of the given class. We found that in groups where students had retrieval
practice included in their lessons, the knowledge gap disappeared. Students with
lower input scores performed similarly to those with higher entry scores on the
post-test. The knowledge gap between students has narrowed over time in the
experimental groups in the given mathematical topic. In cases where the course
was taught without applying retrieval practice, the achievement gap remained:
students with lower input scores also achieved lower scores on the midterms
and post-tests of the courses, and those with higher entry scores achieved higher
results later. The results show that retrieval practice has a bridging effect; stu-
dents became equally proficient in the subject of the mathematics courses after a
while, regardless of their entry score.

At the same time, we are aware of the potential limitations of our study. Our
study investigated pre-service mathematics teacher students, which is a special
set of students. In “Country Name”, these students come from diverse mathemati-
cal and social backgrounds from all over the country, and represent a very wide
range in terms of previous mathematical knowledge and skills. Still, they do not
represent all students.

Questions concerning the teacher effect can also arise. In this study, there was
one lecturer and five more teachers giving practice sessions in the Number The-
ory course, and three in the Algebra course. We tried to minimize the teacher
effect: the teachers of the given course met weekly, discussing what tasks the stu-
dents should solve in the next lesson, what methods they should use, and what
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questions to ask at the end of the lesson, but each teacher has a different teaching
style, which we could not eliminate in our quasi-experiment.

Also, it is important to note that the positive impact of the method on students’
achievement isn’t solely attributed to the act of retrieval itself. Retrieval practice
has many indirect effects, as highlighted by McDaniel et al. (2015). For instance,
end-of-class tests can provide students with a clear understanding of what they
can effectively retrieve and apply, as well as identify the concepts, procedures,
and skills they still need to master. Additionally, simply taking tests may help
students develop better test-taking strategies, which could enhance their perfor-
mance in high-stakes exams (Adesope et al., 2017). Also, the method’s effective-
ness might partially stem from the active engagement it encourages in students,
rather than purely from the retrieval process itself. Although the teachers involved
in the study did not report a higher than usual engagement and attention level, we
have not controlled for this condition. In future research, it is a possible direction
to identify which part of the method contributes the most to its bridging effect.

Finally, the students took the post-tests 3 and 5 months after finishing the course,
which is a considerable amount of time. While we believe that the late post-tests are
a valuable element of our study, we cannot be certain that the results are due to the
retrieval practice exclusively.

There are several possible directions for further research. First of all, it would
be interesting to examine which form of retrieval practice is the most effective as
a means of closing the achievement gap. In our study, students had to solve two
problems related to the material of the given lesson. Besides open questions, several
alternative forms of retrieval practice exist, such as short answer questions, multiple
choice questions, free recall, or true or false questions. Future studies can refine the
picture concerning the different forms of retrieval practice.

The Number Theory course is generally easier for students than the Algebra
course since students are introduced to Number Theory in secondary school, and
the concepts learned in Number Theory are not as abstract as the material learned
in Algebra. We suspect that the more abstract the learned material, the later the
effect of retrieval practice will be present. In the experiments carried out in Number
Theory and Algebra, the impact of retrieval practice was most robust in the post-
tests, three and five months after the intervention. It would be interesting to exam-
ine our conjecture that the more abstract the learning material, the later the effect
of retrieval practice is detectable. In case this conjecture stands, it means that in
abstract mathematics courses, the beneficial effect of retrieval practice does not nec-
essarily become apparent during the course, but only later.

Despite its limitations, this study highlights the potential benefits of incor-
porating retrieval practice into first-year university mathematics courses. Our
findings suggest that retrieval practice can support student success and ease the
transition from secondary to tertiary mathematics education. A key advantage
of this method is its practical feasibility: it is straightforward to implement,
requires minimal instructional time, incurs no additional financial cost, and does
not demand significant curricular modifications. It should be noted that prepar-
ing and grading tests requires additional effort from the teacher. In our experi-
ence, test preparation is relatively quick, and the materials can often be reused
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in the future. However, grading tends to be more time-consuming. To reduce
the burden on teachers, future work could explore alternative feedback meth-
ods, such as providing collective feedback to the class or incorporating feedback
mechanisms that do not rely solely on the teacher.

Based on our results, we argue that the retrieval practice approach employed in this
study is a promising instructional strategy for narrowing the mathematical achieve-
ment gap between students with varying levels of prior knowledge. As a quasi-experi-
mental study, these findings warrant further investigation across different institutions,
mathematical subjects, and student populations to assess the generalizability and
robustness of the observed effects. Nonetheless, we encourage mathematics educators
to consider integrating retrieval practice into their instructional design as a means to
better support incoming students and promote more equitable learning outcomes.

Appendix
The Topics Covered by the Course Analysis

Basic terms in logic, logical operations, and quantifiers. Indirect proof, irrationality
of\/2. Proof by induction and its variants. Bernoulli inequality. Inequality between
arithmetic, geometric and harmonic means. Operations on sets, identities. Func-
tions. Sequences (n-membered and infinite). The axiom system of real numbers:
constructive and axiomatic foundations. The order axioms and their consequences.
Intervals, positive and negative numbers. Triangle inequalities. Positive integers,
integers, rational, and irrational numbers. The Archimedes axiom. Cantor’s intersec-
tion theorem. Existence of square roots. Decimal fractions. Finite decimal fractions.
Infinite decimal fractions. The maximum and minimum of the sets. Upper and lower
bounds, sets with upper and lower bounds. Supremum, infimum of sets. Definition
and properties of exponentiation. Convergent series, equivalent definitions. Oscil-
lating divergent series. Limits and boundedness. The limit of specific sequences
(ie.:n”,a™). Subsequences. Reordering. Limits and algebraic operations: limits
of sum, multiplication, and quotient series. The limit for the basic and significant
series. Orders of magnitude. The Newton square root search procedure. The number
“¢” and the serie (1 + 1/n)". The existence of a monotone subsequence. Bolzano-
Weierstrass theorem. Cauchy Sequence. Cauchy criterion. Infinite series. Partial
sum, convergence of a series, and sum. Necessary condition for convergence (trivial
criterion). A non-negative member of a series has a sum. Hyperharmonic rows. Dec-
imal fractions. Convergence criteria for series with a non-negative member: Leibniz
series. Absolute and conditional convergence. Significant sums and limits.

The Topics Covered by the Course Number Theory
Divisibility, greatest common divisor, the Euclidean algorithm, prime numbers,

and the fundamental theorem of arithmetic. Special arithmetic functions, additive
and multiplicative arithmetic functions. Congruences. The Euler-Fermat theorem,
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Wilson’s theorem. Linear congruences and Diophantine equations. Linear con-
gruence systems. Divisibility rules (2, 4, 8, 5, 25, 3, 9, 11). Algebraic formulas:
(a + b)*, (a = b)*,a" — b", Geometric progression. The concept of rational exponen-
tiation, identities of exponentiation. Mersenne primes, Fermat primes, perfect num-
bers. An infinite number of primes in the form 4k — 1, Dirichlet’s theorem (without
proof). Prime gap. Pythagorean triples, Fermat’s Last Theorem. Order and structure.
Divisors of Mersenne and Fermat numbers. Famous number theory problems. Row
and column vectors, matrices — basic operations.

The Topics Covered by the Course Algebra

Systems of linear equations, Gaussian elimination. Matrices and operations. Com-
plex numbers, trigonometric form, roots of unity. Polynomials over fields. Equali-
ties, main coefficient, normal polynomial. Operations with polynomials (addition,
subtraction, multiplication, Euclidean division), and the zero polynomial. Degree of
a polynomial. Roots and factorizations of polynomials, Horner’s method. The maxi-
mum number of roots. Identity theorem of polynomials over an infinite field. The
relation between polynomial functions and polynomials. Multiplication of roots,
root factor form. Lagrange interpolation. Rational roots of polynomials of integer
coefficients. The relation between coefficients and roots of a polynomial. Fundamen-
tal theorem of symmetric polynomials, power sums, Viete’s formulas. The funda-
mental theorem of algebra. Polynomials over Z. Gauss’lemma. Reduction modulo
p. Polynomials over Z,. Cyclotomic polynomials. The notion and rule of irreducible
polynomials. The overview of irreducible polynomials over different fields. Equa-
tions of the third and fourth degree.
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